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MAXIMUM PRINCIPLES FOR
DEGENERATE ELLIPTIC-PARABOLIC EQUATIONS WITH
VENTTSEL”S BOUNDARY CONDITION
BY
KAZUO AMANO

ABSTRACT. In this paper, we first establish interior and boundary maximum
principles for degenerate elliptic-parabolic equations; we state both principles in
one single theorem in terms of the propagation set (cf. Theorem 1). We next
generalize the boundary condition to Venttsel’s one and obtain the similar result
(cf. Theorem 2). Venttsel’s boundary condition contains Dirichlet, Neumann,
oblique derivative and mixed boundary conditions as special cases and, from a
probabilistic point of view (cf. Venttsel’ [9]), it is the most general admissible
boundary condition. We give several examples in the last section.

1. Introduction. Let M be a d-dimensional C *® manifold with boundary oM. (U,
¢ = (x,, ..., xy) denotes a chart of M, i.e., ¢ is a C* diffeomorphism of an open
set U on M onto an open set ¢(U) on R% = {(x,, ..., x;) € R% x, > 0}). We
often call ¢ = (x,, . . ., x;) coordinate system on U and identify M with ﬁ‘i on U.
For a vector v in the tangent space 7,(M) at x, with x € dM, we say that v is
tangential (resp. transversal) to dM at x if v € T (OM) (resp. &7T,(dM)) and
further, we say that v points into (resp. out of) M at x if for some chart (U, ¢), with
x € U, (dp),v € R? (resp. ER?), where R% = {(x,, ..., x;) € R%: x, = 0).

By A we denote a degenerate elliptic-parabolic operator on M with real C*
coefficients; this means that on each chart (U, ¢ = (x,, . . ., x,)), A is expressed as

d . 82 d 9
= iy i
A i’jzﬂa %%, + E}b o (1)

and

a= (aij)dxd (S Cw(U, Sd)’

b=(b',...,b% € C>(U,RY), (2
where S denotes the class of symmetric positive semidefinite d X d matrices and

C*>(U, S,) (resp. C*(U, R?)) is the set of all S, (resp. R?)-valued C* functions on
U. For a chart (U, ¢ = (x,, . . ., x;)) we consider vector fields

d d ij
. da?’\ 9
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on U and define a mapping A ,| U, which assigns a subset of T,(M) to each point
x € U, as follows: For each x € U, v € (A,|U)(x) if and only if v € T, (M) and

d
v= > AX,(x) forsomer,ER,, A\ ER1<i<d,
i=0
where R, = {t €R: ¢ > 0}. The mapping A,|U is invariant relative to C*-
smooth (nonsingular) coordinate transformations on U (cf. Lemma 4), though each
of the vector fields X, X;, ..., X; on U is not invariant. Thus we may define a
mapping A, on M by the relation:

A, = A,|U onevery chart (U, ¢).
The mapping A, is not a distribution on M (in the sense of differential geometry)
unless A, = -A, on M.

We call a vector v € A (x), with x € M, A-diffusion vector (resp. A-drift vector)
at x if —v € A (x) (resp. —v & A (x)\ {0}). Following Fichera [3], we classify the
boundary dM into four parts:

3; = {x € OM: At least, one of A-diffusion vectors is transversal to M at x },

2, = {x € OM \ Z;: At least, one of A-drift vectors points out of M at x},

3, = {x € AIM \ Z;: At least, one of A-drift vectors points into M at x},

3, = {x € AIM \ Z;: All A-drift vectors are tangential to dM at x }.

Since all 4-diffusion vectors are tangential to 9M on dM \ Z,, any A-drift vector
never points into (resp. out of) M on =, (resp. =,). Hence dM = U3_, =, and
S NE=gifi#j.

By B we denote Venttsel”s differential operator on the boundary dM (cf. Venttsel’
[9]) with real C* coefficients; this means that for each chart (U, ¢ = (x;, . . ., X)),
with OM N U # &, B is expressed as

d—1 82

B=2a‘j

ij=1

d .9
dx;9x; " iglﬁ Ax;
on dM N U and

a=(a")a-nx@-1nEC*OM N U, S,_,),

B=(B'....,BHeC®@M n URY), >0 4)
where S,;_, denotes the class of symmetric positive semidefinite (d — 1) X (d — 1)
matrices and C®°(OM N U, S;_,) (resp. C*(OM N U, RY) is the set of all Si_1
(resp. RY)-valued C* functions on dM N U. For a chart (U, ¢ = (x,, . . ., X)),
with oM N U # O, we set

d—1 d—1 ij
- 5 %) 3 | gad
Yb_IEA(B j-]a{i)aﬁ-+ﬁ a&f
d—1 k'a
= J —
Y, Ela o 1<k<d-1,

and define a mapping Agz|(dM N U), which assigns a subset of T.(M) to each
point x € dM N U, as follows: For each x € IM N U, v € (Az|(OM N U))(x) if
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and only if v € T,(M) and
d-1 _
v= 2 iY(x) forsomep, ER,, i, ER 1 <i<d—1.
i=0

Modifying the proof of Lemma 4, we can show that the mapping Ag|(dM N U) is
invariant relative to C ®-smooth (nonsingular) coordinate transformations on U.
Thus we may define the mapping Az on M by the following relation:

Ag = (Al(BM N U)) ondM N U for every chart (U, ¢) with oM N U # &.
We call a vector v € Ag(x), with x € OM, B-diffusion vector (resp. B-drift vector)
at x if —v € Ag(x) (resp. —v & Ag(x)\ {0}). Clearly every B-diffusion vector is

tangential to the boundary dM and any B-drift vector never points out of M. We
set

N = {x € =, U =, : All B-drift vectors are tangential to dM at x},
where 2, U Z; is the closure of the set 3, U 2, relative to the topology of dM.
Unless otherwise specified, we assume that

N is a (d — 1)-dimensional regular C* submanifold of dM, with
boundary dN.

The case dim N < d — 2 will be discussed in §5. We consider the following sets on
the boundary dN:
I'y = {x € ON: At least, one of B-diffusion vectors is transversal to N at x},
T, = {x € 9N \T;: At least, one of B-drift vectors points out of N at x},
I'y = {x € ON \T;: At least, one of B-drift vectors points into N at x},
[y = {x € 9N \T;: All B-drift vectors are tangential to ON at x}.
As in the classification of dM, we can show that 9N = U3_oT;, and I, N T =9
if i #j.
A propagation vector field X is a vector field on M such that
X never points out of M on IM (5)
(i.., at each point on 0M, either X is tangential to dM or points into M) and such
that
XeldA, oo(M\N)uT,uTl,, Xe€A, onN,

where I', U T'; denotes the closure of the set T, U T, relative to the topology of dN.
By X we denote the set of all propagation vector fields. We define a subset %, (resp.
X,) of X as a set of all propagation vector fields X satisfying the following
conditions:

- X(x) €A (x) ifxeT,uTl; and X(x) € T (dN)
(resp. —X(x) € A (x) N Ap(x)if x € 3Z, U T, U Ty),
where 9Z, is the boundary of the set 3, relative to the topology of oM. An

X, -propagation vector field X, k = 1,2, is a propagation vector field X which
belongs to the class X,. We call a curve x(¢), 0 <¢ < T (0 <T < o) on the
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manifold M X, -propagation path, k = 1, 2, if there is a vector field X € X, such
that

x(t) = X(x(¢)) on [0, T), (6)
X is a C! vector field on a neighborhood of {x(¢) € (M \ N) )
UuluTl;:0<t<T}on M
and
X is a C' vector field on a neighborhood of {x(f) € N: (8)

0<t<T}onN.

An X, -propagation path is oriented by the parameter ¢. In fact, x(— ) may fail to
be an X, -propagation path for some X,-propagation path x(¢). For a pointp € M
we define the X, -propagation set S,(p), k = 1, 2, as a set of all points ¢ € M such
that p and ¢ can be connected by a finite chain of X,-propagation paths running
from p to g, i.e.,, g € S,(p) if and only if there is a finite sequence of X,-propaga-
tion paths {x'(1), 0 <t < T;}|_, satisfying x%0) = p, lim,,7, x(1) = x’*'(0), 0 <
< /-1, and lim,,, x'(f) = q. By S_k( p) we denote the closure of the propagation
set S,(p) relative to the topology of M. Since X,-propagation paths depend
continuously on their initial conditions, S—'k(q) C S_‘k( p)if g € S—'k( p); thus the set
.ST,‘( p) is maximal in a sense.

THEOREM 1. Assume that B is of first order and u is a solution of the oblique
derivative problem
Au>0 onM, Bu>0 onZ,UZ3Z, 9)

in CYM). If u attains the maximum at a point p on M, then u = u(p) on §,(p).
Standard arguments in maximum principle will show the following.

THEOREM 1’. Assume that B is of first order and u is a solution of the mixed
boundary value problem

(A—cu>0 onM,
B-—y—8A4—-c)u>0 onZ,UZ,
in CYM), where c is a nonnegative function on M and vy, 8§ are both nonnegative
Junctions on OM. If u attains the positive maximum at a point p on M, then u = u(p)

on S—',(p).

Interior and boundary maximum principles for degenerate elliptic-parabolic
equations had been stated in various manners (cf. Bony [2], Hill [4], Redheffer [7],
Strook-Varadhan [8] and Myers [S]). Theorems 1 and 1’ contain interior principles
of Bony, Hill and Redheffer as special cases and they are also generalizations of
boundary principles of Myers. Amano [1] gave a uniform representation of both
principles as stated in Theorems 1 and 1’ on more restrictive conditions as
(S UZ,UZ) N3, =03, N =g, etc. In the proof of Theorem 1, when the point
P € 025 U 9N several difficulties occur (see Steps 3 and 4 of the proof of Theorem
1). However, some technical arguments (see Lemma 5, Propositions 3 and 5) enable
us to remove the restrictive conditions.
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We can, also, prove the similar results as Theorems 1 and 1’ when B is of second
order.
THEOREM 2. Assume that u is a solution of Venttsel”s boundary value problem
Au >0 onM, Bu>0 onZ,UZ, (10)
in CY(M). If u attains the maximum at a point p on M, then u = u(p) on 5-_,( p).
THEOREM 2'. Assume that u is a solution of Venttsel”s boundary value problem
(A—-cu>0 onM,
(B—y—86A4—-c)u>0 onZ,uUZ,
in C*(M), where the functions c, y and 8 are taken as in Theorem 1'. If u attains the

positive maximum at a point p on M, then u = u(p) on S—z( D).

Theorem 1 is not a special case of Theorem 2 since .S_',( p) is not always contained

in Sy(p).

As is well known, the maximum principle provides a routine method for proving
the uniqueness of classical solutions. The following theorems will illustrate how the
global property of the diffusion and drift vectors may be connected with the

uniqueness question.

THEOREM 3. Assume that M is compact, B is of first order and u is a solution of the
oblique derivative problem

Au=0 onM, Bu=0 onZ,UZ,
in C(M). If

S(p) N S(q) =D foreveryp,q € M
then u = constant on M.

THEOREM 4. Assume that M is compact and u is a solution of Venttsel”s boundary
value problem

(A—cu=0 onM,
(B—Y)u=0 onZ,uU 3,

in CX(M), where ¢ and y are respectively nonnegative functions defined on M and
oM. If

S(p)NZ, #DB foreveryp € M,

then u =0 on M, where 25, = {x € 2, U Z3: Ag(x) = {0} and y(x) # 0} (this
implies u = 0 on Zp) and 2, is the closure of 2, relative to the topology of M.
We required C *-smoothness in (2) and (4) only for simplicity. It will suffice to
assume the following instead: M and N are C* manifolds with boundaries,
(a%)axa € CN(U, S,),
(b',...,b% € C°U, R (2)
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and
(@")a-1nyx@-n € C'BM N U, S,_,),
(BY,...,BY) € CX3M n U,RY), B >0. @)

We can also replace the C!-smoothness conditions in (7) and (8) by local Lipschitz
continuity conditions.

2. Preliminaries. In this section we shall give six basic lemmas.

LeEmMMA 1 ([1]). Assume that a(t) € C'(R, S,). Then for any A, p € R?

(1) <a(O)A, A> = 0 implies a(O)A = O,

@i1) <a(OA, A)> = 0, <aO)p, p) = 0 imply {4(O)A, p) = 0.

Here ¢, > denotes the inner product in R?. For (a%(?));x4, € C'(R, S,) Lemma 1
shows that if a**(0) = 0 then a™*(0) = a*(0) = 0, 1 < i < d, and that if a**(0) =
a”(0) = 0 then a¥(0) = a*(0) = 0.

LEMMA 2 ([1]). Assume that X(x) = 2¢_, a'(x)d/dx; is a C' vector field on R?,

with X(0) = 9/9x,. Let x(t,y) = (x,(8,»), . . ., x,(t,¥)) be a solution of the initial
value problem x = X(x), x(0,y) = y. Then

x(t,y) = 8.0+ ai'.(0)t2+§aii(0) t + o(|t) +y))
ALY Vi il 2 axl st axl M II lyl

as |t| + |y| >0, where §;;, = 1 and = 0 if i # 1.

LeMMA 3 ([1]). Assume that F is a closed set in RY and X(x) is a locally Lipschitz
continuous vector field on R®. Let x(t) be a solution of the initial value problem
X = X(x), x(0) € F. Then {x(t): 0 <t < T} C F if and only if the following
condition is satisfied: For any t € [0, T

(X(y), x(t) —y) <0
whenever y € F and |x(¢) — y| = dist(x(¢), F).
Let us take two charts (U, (x,, ..., xp)) and (U, (X, ..., X;)) of the manifold

M and assume that on (U, (x,, . . ., x;)) the differential operator A4 is expressed as
(1) and on (U, (X, . . ., X)) expressed as

d - 82 d _ 3
A= gy + D bhi—.
i,,z.," oxd%, /= o%,

On the chart (U, (x,, . . ., x,)) we consider vector fields X, X,, ..., X, iiefincd b_y
(3) and on the chart (U, (X,,..., x,)) consider vector fields Xy, X,,..., X,
defined by

d d acii

= - d9a’\ d

Xo=2 |6/ - 2 —T)__,

° i=l( j=1 9%; | 9%,

— a 9

X, =>Ya¥—, 0<k<d
=1 0

We denote the transition function: (x,, . .., X)) = (X}, . .., X;) by .
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Then we have the following lemma.

LEMMA 4 [1]. For any real-valued functions Xo, Ay, ...,A; on U there are
real-valued functions Ay, A, . . . , Ay on U such that

d\P( go)\ixi) B

LEMMA 5. For any point p € 2, U 2;\ N there exists a chart (U, (x,, . .., xp)),
with p € U, for which Venttsel”s differential operator B is expressed as

; 02 9
= i d d
B i,jE_] * 0x,0x; + A ox,’ BT>0,

SAE, and A= Re

i=0

ondIM N U= {(x,...,x;) € U: x; =0}.
PROOF. Let us choose a sufficiently small open neighborhood U of the point p on
M and take a chart (U, (x,, . . ., J?d)) arbitrarily B is expressed as

d—1

ihj=1

d R Rd > 0,
ax,axj ,gl B 8_ B
on ay NnU={(x,...,x;) € U: x; =0}. By (4) we may extend the coefficients

9B, 1 <i,j <d, soas to be C*®-smooth in a neighborhood of the point p in RY.
We define functions x, = x,(x,, ..., X;), 1 <k <d — 1, as solutions of the initial
value problems

EB'

0, x(X...,%;_,,0)=X,.
i=1

Since p & N implies 8% p) > 0, each of the above initial value problems possesses
a unique solution. In the new coordinate system

x, = x,(Xp ..., Xp),

Xg—1 = xd_l(fl, e ooy fd)’
Xy = X4
the differential operator B is rewritten as

d—1

= y i—
B i,jz,la 0x,0x; 2 Ao, ax

i=1

2

on dM N U, where

d—1
a¥ = akl_ax‘ _axj
p— -_—
k,l=1 Bxk ax,
d—1 aZx
B= 2 a¥——= 2 .Bk_a .
ki=1 axkaxl k=1 X

Hence we have a? = a%, B'=0,1<i,j<d—-1,B4=B>0ondM N U =
{(fl,...,;d)e U: fd=0}'
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LEMMA 6. Assume that u is a solution of Venttsel”s boundary value problem (10) in
CYM) and that u attains the maximum at a point p on M. If there is a function
f € C*(M) such that f(p) = 0, Vf(p) # 0 and if one of the following conditions is
satisfied:

DpEM\Z,U Zy Af(p) > 0,

(i)p € =, U 23\ N, Af(p) > 0, Bf > 0, on a neighborhood of p on M,

i)p € N\T, U T, Bf(p) >0,

(lV)P € I12 u F3’ Af(p) > 09 Bf(p) > 0,

then there exists a sequence {p"}y., such that p" —p as n—» o0, p" € {x € M:
f(x) > 0}\{p} and u(p™) = u(p) forn=1,2,....

From Lemma 6 a generalized form of boundary maximum principle follows. In
fact, we can show the following fact: Assume that u € C*(M) attains the maxi-
mum at a point p on dM but does not attain the maximum on M = M\ 3M and
that Au > 0 on M. Then we have Bu(p) < O for Venttsel”’s differential operator B
if there is a function f € C¥(M) such that f(p) = 0, Vf(p) # 0, Af(p) > 0, Bf(p)
> 0and {x € M: f(x) > 0} \ {p) C M.

PROOF OF LEMMA 6. We assume that there is a neighborhood U of the point p on
M such that

u<u(p) on{x€ U:f(x)>0}\{p}.
Let us choose a sufficiently small open neighborhood V of p on M, with Vcu,
and take a positive number & so that

D<e< u(p) — sup{u(x): x € V\V, f(x) > 0}
sup{f(x): x € V\V,f(x) > 0} .

Then we easily have the inequalities

A(u+¢) >0 onV,
(u + ¢f) <u(p) onV\V.

Case (i). In case p € M = M\ 3dM we may assume that V N oM = . The
former inequality in (11) implies that the function (v + ef)lI7 cannot attain the
maximum on V. Thus, by the latter inequality in (11), we have a contradiction
u(p) = (u + ef)(p) <u(p). In case p EIM\Z,U 2, we fix a chart (V,

(1)

(xp - - - » xz)). We consider a differential operator
. d-1 a2 -1
= y + LI,
A i,j§-:=l ¢ 3x;0x; :gl i ax; .

which is a formal projection of the differential operator 4, expressed as (1), upon
the boundary 0M N V = {x € V: x, = 0}. The inequalities (11) require that the
function (u + &f))| V should attain the maximum at some point, say ¢, on 0M N V;
this easily gives A(u + ¢f)(q) < 0. If we have taken V¥ so small that
V C 9M \ Z, U Z,, then we obtain

. , da® da®
id = di = _ = — =
ad(q) = a(q) = 0. G—(a) =5 —(9) =0



DEGENERATE ELLIPTIC-PARABOLIC EQUATIONS 385

forl1 <i<d, 1 <k <d-1byLemmal, and
aa

<X0’ ed>(q) > O)
wheree; = (0,...,0, 1) € Rd. Hence

AGu+ f)(a) = A(u + ola) - b4 5D (g)

dd
=t + @) - {520 + Ky eata)| LDy

> A(u + ¢f)(q) > 0; (13)

this is a contradiction.
Case (ii). We choose V so small that N 1 V= and fix a chart (V,

(x4, ..., xz)). Then B is expressed as
d—1 32 ,
B= i
i,j2=la axa +,§|B , B¢ >0,
on M NV ={(x),...,x,) €V: x, =0)}. The inequalities (11) show that the

function (u + &f)|V attains the maximum at some point g on 3M N V but cannot
attain the maximum on M N V. In case ¢ € 3M \ I, U =, the same computation
as (13) leads us to a contradiction. Now we note that if ¢ € 22 U 2, then

0 < B(u+ f)(q) < pé(q) ) sf’( ) <0

and 89 > 0 imply
a(u + ¢f)
———(q)=0. 14
(@) =0 (14)
In case ¢ € =, the boundary maximum principle (cf. Hill [4]) shows

o(u + €f)(q)/3x; <0, and in case ¢ € 2, U =, \Z; we obtain, by Lemma 1
and (14),

0 < A(u + ¢f)(q) = A(u + ¢f)(q) < 0;

this is a contradiction.
Case (iii). In this case we only have to repeat the same arguments as in Case (i).
Case (iv). If the function (u + &f))| V attains the maximum at some point
q€E m3, then we have

0 < B(u + ¢f)(q) <0,

and if ¢ € M \ =, U Z, then as in Case (i) we obtain a contradiction. The proof of
Lemma 6 is now complete.

3. Proof of Theorem 1. Throughout this section u denotes a solution of the
oblique derivative problem (9) in C* M), and we assume that u attains the
maximum at a point p on M. For convenience sake we fix a chart (U,
(Xp, - - - » X)), with p € U, i.e., we identify M with R% on the neighborhood U of p.
When p € 2, U 2,\ N we may assume, by Lemma 4, that in the coordinate
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system (x,, . . ., x,) the first order differential operator B is expressed as
d
— pd d
B=pige, B>, (15)
ondIM NU={(x,...,xy) € U: x,=0}.

PROPOSITION 1. Assume that for a vector v € R? one of the following conditions is
satisfied:

p € M\Z, U 2, <a(p)v, vy >0,

Gi)p € 2, U Z;\ N, {a(p)v, v) > 0,{ez v) > 0,

(i) p € N\T, U Ty, (B(p), v> >0,

@v)p € T, U T3, <a(p)v, v) >0, {B(p), v> > 0.
Then there exists a sequence {p"}y., such that p" —>p as n—> oo, p" € M N
B(p + v, |o)) and u(p"™) = u(p) forn =1,2,....

Here B(p + v, |v|) denotes the open ball of radius |v| and center p + v in R?, i.e.,
B(p + v, o) = {x ER% |x — (p + v)| < |ol}.

ProoOF. Consider the function

Ax) = exp(— Clx - (p + %u)lz) - exp(— CI%U'Z),
where C is a sufficiently large positive constant. Direct computation shows that
{a(p)v, v) > 0 and {B(p), v> > 0 imply Af(p) > 0 and Bf(p) > 0 respectively.
When p € 2, U 2, \ N, since B is of the form (15), {e,, v) > 0 gives Bf > Oon a
neighborhood of p on M. Hence, by Lemma 6, there exists a sequence {p"}i.;
such that p” — p as n — oo,

ptE{x € M:f(x)>0}\{p}
=Mn E(p +%v,|%v|)\{p} CMn B(p+o,|v|)

and u(p”) = u(p) forn = 1, 2, . . . ; this completes the proof.
PROOF OF THEOREM 1 (Step 1). We set
F={x € U:u(x)=u(p)}
and take an X,-propagation path x(7), ¢t > 0, with x(0) = p, arbitrarily. By Lemma
3, it will suffice to check the following condition for a sufficiently small positive
constant 7: For any ¢ € [0, T]

(X(y), x(t) —y) <0
whenever y € F and |x(¢) — y| = dist(x(#), F), where X is an ZX,-propagation
vector field satisfying the conditions (6), (7) and (8). We shall deduce a contradic-
tion from the assumption that for some s € [0, T'] and some g € {y € F: |x(s) —
y| = dist(x(s), F))} the inequality

(X(q), x(s) —q» >0 (16)
holds. Here we note that if X(q) € A,(q), i€, X(q) = =?_, A X(q) for some
Ao €ER,, A\ ER, 1 <i < d, then the inequality (16) implies, by Lemma 1, either

- X(q) € 0,(q), {Xqq), x(s) —q) >0 (17)
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or
Ca(q)(x(s) — q), x(s) — ) > 0. (18)
If X(gq) € Ag(q) then the inequality (16) gives
(B(p), x(s) — ) > 0. (19)
Clearly, when ¢ € M,
(g x(s) — q) > 0. (20)

We first consider the case that —X € A, on (M \ N) U T', u T,. Proposition 1
shows that the inequalities (18), (19) and (20) imply B(x(s), dist(x(s), F)) N F #
J; this is a contradiction. Hence u = u(p) on the X,-propagation path {x(¢):
t>0}if —-XeA, on(M\N)uT,uT,

PROPOSITION 2 ([1]). Assume that the point p € M\ (2, U 2, U N) and the
inequality
(Xo(p),v) >0
holds for a vector v € R®. Then there exists a sequence { p"}%., such that p" — p as
n—>o,p"€MnN B(p+ o, |v])and u(p") = u(p) forn=1,2,....

Here 2, denotes the interior of the set =, relative to the topology of dM. The
above proposition is contained in Propositions 2 and 4 in [1].

PROOF OF THEOREM 1 (Step 2). In 2). In this step we consider the case that — X € A,
on ((22 U 23) \ (22 UN )) U I‘2 U T';; by the condition (5), this is equivalent with
—X€eA, on ((232 u 23) \N)u T, uT, Propositions 1 and 2 show that the
inequalities (17), (18), (19) and (20) give a contradiction B(x(s), dist(x(s), F)) N F
#* 4. Thus u = u(p) on the il-propagauon path {x(¢#): t >0} if —X €A, on
(G, US)\C,UN)UT,U P

PROPOSITION 3. Assume that the point p € OM \ N and x(t), t > O, is an X,-propa-
gation path with x(0) = p. If there is a sequence {p"};, such that p" — p through
M=M\3M as n— oo and u(p™) = u(p) for n=1,2,..., then u =u(p) on
{x(#): 0 <t < T} for a sufficiently small positive constant T.

PRrROOF. By X we denote the X,-propagation vector field satisfying the conditions
(6), (7) and (8). Since X is C'-smooth on a neighborhood of p on M and X never
points out of M on dM, we can show, by Lemma 3, that for some small T > 0
independent of n = 1,2, ... there exists a sequence {x(¢,p"), 0 <t < T}, of
X,-propagation paths satisfying

{(x(t,p"):0<t< T} C M,
x(t,p") = X(x(t,p")) on[0,T], x(0,p")=p"
In view of the result proved in Step 2 of the proof of Theorem 1, ¥ = u(p) on each
X,-propagation path {x(z,p"): 0 <t < T'}. Hence, letting n — oo, we obtain the
desired result.
PROOF OF THEOREM 1 (Step 3). If the point ¢ € Z;\ N then (X, ¢,> > 0 at q.

Clearly X, is a C' vector field on the open set U with =X, € A, on U. Thus the
result proved in Step 1 insures the existence of a sequence {g”"}., satisfying
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q"—q through M as n— oo and u(q") = u(q) for n=1,2,.... From the
inequality (16) and Proposition 3 we can deduce the desired contradiction
B(x(s), dist(x(s), F)) N F # Q.

Ifg=(q,.-..,9,1,0)E (§3 N Z,)\ N then we consider the auxiliary function

d—1
2
f(x)=x;—¢c 2 (x = q),
i=1
where c is a sufficiently small positive constant. By performing a suitable coordi-
nate transformation, keeping x, fixed, we may assume that

a(q) =

L o)
where 0 < r = rank a(q) < d — 1. Direct computation gives, by Lemma 1,

r dj
Af(q) > —2rc + D, 9a?
Jj=1 J

2 (g) + Xo(a), €
In case 27_, 3a%(q)/ dx; > 0, Lemma 6 shows that there is a sequence {g"}"

n=1

which tends to g through {x € M: f(x) > 0} \ {q} C M and u(q") = u(q) for

n=1,2,.... Thus, by Proposition 3, the inequality (16) leads to the desired
contradiction B(x(s), dist(x(s), F)) N F # . In case 3a%(q)/dx, < 0 for some
k=1,...,r weextend the C* vector field X, on M N U =R% N U so as to be

C*®-smooth on a neighborhood of p in RY and consider the integral curve
(@) = y,(1), ..., y«1),0 <t < T, satisfying

y() = -X,(y()) on[0,T], y(0)=gq,

for a sufficiently small positive constant T. Since y,(0) = 0, y,(0) = -a%*(g)=0
and y,(0) = -3a%*(q)/dx, > 0, we obtain
1 da%*

Ya(2) = ) a—xk(Q)t2 + o(1?)

as £|0; this implies {y(¢f): 0 <t < T} C M. As in Step 1, using Lemma 3 and
Proposition 1, we can show that u = u(q) on {y(#): 0<t < T} C M; the condi-
tion in Proposition 3 is fulfilled. By Proposition 3, the inequality (16) gives the
desired contradiction. Therefore u = u(p) on the ,-propagation path {x(): ¢ > 0}
if -X €A, on {(3Z; N 3Zg) \ N} U T, U T, where 9=; and 9%, are respectively
the boundaries of the sets =; and 3, relative to the topology of dM.

PROPOSITION 4. Assume that the point p € (32, N 0Z,) \ N and a vector v € R?
satisfies the inequality

(Xo(p), v) > 0. (e2))

Then there exists a sequence {p"}%., such that p" —>p as n— o0, p" € M N
B(p + v, |v]) and u(p™) = u(p) forn =1,2,....
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PROOF. In view of Propositions 1 and 3 we have only to consider the case

Ca(p)v,v) =0 (22)
and
u <u(p) onM N U. (23)
Since {Xy(p), ¢;,> = 0 and a(p)e; = O, the inequality (21) and the equation (22)
remain true for the projected vector 6 = (v,, ..., vy_;, 0) instead of the vector
0=(0], ..., 01 ) 1.&, {X¢(p), 6> > 0 and <a(p)s, ) = 0. By performing a
suitable rotation of coordinates, keeping x, fixed, we may assume that 6 = pe, =
(0, 0, . .., 0) for some positive constant p and
(0
r 0
1 /w
a(p) = '1
0
0
v OJ

where 0 < r = rank a(p) < d — 2. Without loss of generality, we assume that p is
the origin o in RY.

We first show 9a'?(p)/dx, = 0. If da'“(p)/dx, # O then da*(p)/dx, > 0, since
for any 1 > 0

la"(p + te,)? < a'(p + te;) a®(p + te,)
2 t t ’

Let us consider an auxiliary function

d—1
f(x) =Xy C 2 xiz

i=1
where ¢ is a sufficiently small positive constant. Direct computation easily gives

r+1

Af(p) = -2rc + 3 227 a (p) ¢ = a (p)
Jj=2
Hence, as in Step 3 of the proof of Theorem 1, we can show in either case
E;‘_‘; 9a%(p)/ dx; > 0 or <O that there is a sequence of the points in {x € M:
u(x) = u(p)) Wthh tends to p through M. This contradicts the assumption (23).

Next we consider the auxiliary function

lr+l aay r+1 a 1i
=5 -5 3 Sy - 3 S
j=2 9% ij=2
igkj
r+1 d—1
—2c > x} - 2C(x|2 + > x,.z),
Jj=2 i=r+2
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where ¢ and C are sufficiently small and sufficiently large positive constants
respectively. Since f(p) =

Ag(p) = —4rc + (X(p), ) > 0
and

of
= d— =
Bg = B3 X, 0,
Lemma 6 and (23) show that there is a sequence {¢"}; -, such that u(¢") = u(p)
forn=1,2,... and ¢" — p through {x € dM: g(x) > 0} as n — oo; this implies
that

lr+l aa r+1

g >5 2 S—(p )Ng") + > 3 (P)q,qj"

_1=2 / i,j=2
i)

r+1 d—1
+c X (¢7) + C[(fh")2 + 2 (qi")z} (24)
j=2 i=r+2

for every ¢"=(q7,...,49;-1.97) =47, ...,4q;, 0). Let us consider integral
curves x*(t, ¢") = (xf(t, q"), . . ., x¥(t, q"), 2 <k <r+ 1,1 < n < 0, defined
as follows:

= ’\72()‘72)’ x2(0’ qn) =q"

=5, 2°0,¢") = x(~g5, q"),

xr-#-] = Xr+l(x’+l)’
x"*10,q") = x"(=x/7'(. o —xi(— x4, 4™),4"), - -5 47). 47),

where X, = 3921 a¥3/0x,2 <1< r + 1. Asin Step 1 of the proof of Theorem 1,
using Lemma 3, Proposition 1 and the assumption (23), we can show that the
function u identically equals u(p) on each integral curve x%(¢, ¢"), 2 < k < r + 1,
1 < n < oo. For convenience sake we set

p"=(pl--.,pd)

= x" (=% (=7 =3 (= x3(—a5,97).47) - 47), 47)).
By Lemma 2 and the inequality (24) we obtain

gz (p")? < 0(1) E (g7 + 0(1){(q{') + 2+2(q.")}

and
S et aa &' 9al n n
pi=al -5 3 =)g) - 2 = (P)arq” + o(|a"?)
Jj=2 .I ij=2 Vi
ij

r+1
> (¢ + o(1)) 2 (g") + (C+ 0(1)){(41") + 2 (") }

i=r+2
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as n — oo. Therefore, for all sufficiently large n, we have

pi(20 — p7) > opy

r+1 d—1
> p(c + 0(1)) T (¢/) + o(C + 0(1)){(%”)2 + 2 (qi”)z}

Jj=2 imr+2

i=r+2

r+1 d—1
> 0(1) §2 (g")* + 0(1){(41")2 + 3 (qi”)z}
d—1
> §2 (Pi")2,

i.e., p" € B(pe,, p) = B(p + 0, |6]) C B(p + v, |v]). The proof of Proposition 4 is
now complete.

PrROOF OF THEOREM 1 (Step 4). Proposition 4 shows that u = u(p) on the
X,-propagation path {x(¢):t > 0} if - X € A,onT, U T,

If the point ¢ € T, U T, and X(q) &€ T,(dN) then, by choosing a suitable chart,
we may assume that g is the origin O in R4, M = {(x,, . . ., x;) € R%: x; > 0} and
N ={(x,...,x;) €R% x, <0, x; = 0)}. Clearly {X(q), e;> # 0. When a(q)e, #
0, Proposition 1 insures the existence of a sequence {g"};., which tends to ¢
through M \ 9N as n— oo and u(q") = u(q) for n=1,2,.... We consider a
sequence {x(¢, ¢"), 0 <t < T}, of X,-propagation paths satisfying

n=1
x(t, q") = X(x(t, ¢")) on [0’ T]’ x(0,¢") = q".
If we take T > O sufficiently small, then we obtain, by (5) and {X(gq), ;> # O,
{x(1,4"):0<t<T}C M\dN

foralln=1,2,.... Since we have already proved in the former three steps that
u=u(p) on {x(t,q"): 0<t<T}, n=12,..., we obtain the desired con-
tradiction B(x(s), dist(x(s), F)) N F # .

When a(q)e, = 0 and a(q)e; # 0, since {Xy(q), ;> > 0 and <a(q)e,, ;> > 0,
we can choose a vector v € {Ae, + \e; € R?: A} > 0, A, > 0} so that (X(q),
v) > 0 and <a(q)v, v) > 0. According to Proposition 1, there is a sequence
{g"};-, which tends to g through M\ N as n— oo and u(q") = u(q) for n =
1, 2, ... ; as in the above case, this gives the desired contradiction.

When a(g)e, = 0 and a(qg)e, = 0, by performing a suitable coordinate transfor-
mation, keeping x, and x, fixed, we may assume that

(0

0
a(q) = /w
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where 0 < r = rank a(q) < d — 2. Consider the auxiliary function

r+1

fx)=x,—cZ x,
i=2

where c is a sufficiently small positive constant. We easily have f(g) = 0,

r+1 da 1V
Af(q) > 2er + 2 ——(q) + (Xo(q), &)
j=2 0%
and Bf(q) > 0. In case 37%; 3aY(¢q)/dx; > 0, by Lemma 6, we have the desired
contradiction. In case da'*(g)/dx, < O for some k = 1, ..., r, as in Step 3 of the
proof of Theorem 1, we arrive at the desired contradiction. The proof of Theorem 1
is now complete.

4. Proof of Theorem 2. Throughout this section # denotes a solution of Venttsel”s
value problem (10) in C%(M), and we assume that u attains the maximum at a
point p on M. We fix a chart (U, (x,, ..., x;)), with p € U, and identify M with
R% on the neighborhood U of p. When p € T, U 2,\ N we may assume, by
Lemma 5, that in the coordinate system (x,, . . ., x,;) Venttsel”s differential opera-
tor B is expressed as

Tl gl pe (25)
B = a¥ + B4, BT >0, 25
W21 Oxox; Ox,
ondM N U= {(x,...,x;) € U: x;, =0}

The basic idea of the proof of Theorem 2 is essentially the same as that of
Theorem 1. Instead of Proposition 1 we use the following proposition.

PROPOSITION 5. Assume that for a vector v € R? one of the following conditions is
satisfied:

()p € M\ (Z, U N), {a(p)v,v) >0,

(i) p € f‘g \ N, <a(p)v, v) > 0,{a(p)v,v) > 0,

(iii)p € N\T, U Ty, <a(p)v, v) >0,

@v)p €T, U T3, <a(p)v, v) > 0, {a(p)v, v) > 0.
Then there exists a sequence {p"}y., such that p" —p as n— o0, p" €E M N
B(p + v, |v|) and u(p") = u(p) forn = 1,2,....

PRrOOF. In view of Lemma 6 and Proposition 1 we have only to check the case
p € Z,\(Z; U N). Let us consider a differential operator
- d—1 ai a i P 2 d—1 i doi 3
= vy — Y i_ iy 2
B= 3 (B’ - blal) g+ B (B - b5 @9

ij=1 i=1

It is easy to show Bu > 0 on =, and {(B%p)a¥(p) — b4 p)a?(p))v, v> > 0.
Hence, by applying Lemma 6 to the function

f(x) = exp(— Clx - (p + %U)Iz) — exp(— CH”IZ)’
where C is a sufficiently large positive constant, we obtain the desired fact.

We can show the same fact as Proposition 2 when B is of Venttsel”’s type. The
proof is almost the same except we use the differential operator B defined by (26)
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instead of B. Clearly, Proposition 3 remains true. However, we do not know
whether Proposition 4 remains valid for the solutions of Venttsel’s boundary value
problem or not.

In the proof of Theorem 2 we use the auxiliary function

fix) = exp(— Clx—(p+ Ced)|2) - exp(— C| Cedlz)
if p € 2;\ N, where C is a sufficiently large positive constant. Applying Lemma 6
to the function f(x), we obtain a sequence { p"}5., which tends to p through M as

n=1

n— oo and u(p”) = u(p) for n = 1,2,.... The remaining parts of the proof of
Theorem 2 are parallel with that of Theorem 1.

S. Remarks. In this section we first consider the case that

N is a k-dimensional, 1 < k < d — 2, regular C* submanifold of
dM, with boundary oN.

We will show that on some additional assumptions the same theorems as Theorems
1 and 2 are valid. We set
No= {x € N: Ag(x) c T((N)}, N, =N\N,,
and assume that
N, is an /-dimensional, 0 < / < k, regular C® submanifold of aN,
with boundary 9N,
We classify the boundary 9N, into four parts:
I'; = {x € dN,: At least, one of B-diffusion vectors is transversal to 9N, at x},
I, = {x € 3Ny \T;: At least, one of B-drift vectors points out of N, at x},
T, = {x € Ny \T;: At least, one of B-drift vectors points into N, at x },
[y = {x € 9N, \ I'5: All B-drift vectors are tangential to 9N, at x }.
We define the set X of all propagation vector fields on M as follows: X € X if and
only if
X never points out of M on M, X € A, on

- 27
MA\N)uUT,uTl,;, X €AgonN. @7

X, (resp. X,) is a subset of X which consists of all propagation vector fields X
satisfying the following condition:

- X(x) €A (x) ifx€ N, UT,UT,and X(x) € T,(N) (28)
(resp. —X(x) € A (x) N Ag(x)if x € 35U N, UT, UT,). (29)

As in §1, from X, we construct the propagation sets S,(p), k = 1, 2. For such
propagation sets S,(p), k = 1, 2, the corresponding statements to Theorems 1 and

2 remain valid.
In case

N consists of discrete points on dM
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we have only to replace the conditions (27) and (29) by
X €A, onM\N,
—X €A,(x) N Ag(x) ifx €3Z,U N,

respectively. In this case the condition (28) is a trivial one, since X(x) € T, (N)
implies X(x) = 0.

6. Examples.

ExaMPLE 1. Let M = {x € R%: |x| < 1},

A =203%/ox} +3%/ox3

and
B=B|i+Bzi |B||+|le¢0 BZ>O
or on’ ’ ’

where /07 is a nonvanishing smooth vector field on dM and n is the inner normal
vector on dM. Then

M  ifeitherp € Morp € IM, B2 =0,

S =
() {aM ifp € oM, B> = 0.

EXAMPLE 2. Let M = {(x,, x,) € R*: x, > 0},

4= i(ani) + i(azzi) + b=

ox, ox, 0x, 0x, ax,
and B = 9/dx,, where a'', a2, b are real smooth functions on M and

a“(x){ =0 if x = (—l, 0) or(l, O),
> 0 otherwise;

azz(x){ =0 ifx=(x,0),-1<x,<1,
> 0 otherwise.
We note that =; = {(x,,0) € R*: x, &€ [-1,1]} and =, = {(x,,0) ER%: x, €
[-1, 1]}. Clearly
Si(p)=M forpe M\Z,

In case b(-1,0) > 0 and 5(1,0) < 0

{p} ifp €93, b(p)=0,

Si(p) =12 if p € 32y, b(p) # 0O,

s, ifpes,

In case b(-1,0) > 0 and b(1,0) > 0

_[{p} ifp=(-1,0),b(p) =0,
$i(p) {M otherwise.

In case (-1,0) < 0 and 5(1,0) > 0
S(p)=M forp e M.
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EXAMPLE 3. Let M = {(x,, x;) € R% x, > 0},

ax? ax2
and

no_ 9’

B=a +23'8x

i=1
where a“, B' are real smooth functions on M and
a“{ =0 on{x, =0},
> 0 otherwise,
=0 on{x, =0},
@' >0 onM\({x, =0},
>0 at(-2,0)and (2, 0),
e =0 on{-1<x,<1,x,=0},
>0 ondIM\{-1<x, <1,x,=0}.
It is easy to show =; = {x € IM: a*(x) > 0}, =, = {x € IM \ =,: da?*(x)/dx,
>0}, = ={x €M\ Z;: 3a**(x)/dx, < 0} and Z; = {x € IM \ 3,
da**(x)/9x, = 0}. In case B'(0) =
{xeM:x, <0} ifp€{x€ M:x <0},
S,(p) ={{p} ifpeE{x€ M:x, =0},
{xe M:x, >0} ifp€{x€e€ M:x >0}
In case 8'(0) > 0
M ifp e {xe M:x, <0},
Sy(p) =1 {p} ifp € {x € M:x,=0}\{0},
{xeM:x, >0} ifpe{xe€M: x >0}u{0}
EXAMPLE 4. Let M = {(x,, x,) € R* x, > 0}.
2
U L T
ax3 ax,  dx,
Assume that a function u € C%(M) satisfies the inequalities
Au >0 onM, Bu>0 onZ,=0dM

and that u attains the maximum at a point p = (p,, p,) on M. Then Theorem 1
shows that

u=u(p) onS(p)={x€ M:x,=p,}
In this example we obtain a more fine result
u=u(p) on{x € M:x, >p,}.
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In fact, if we consider the auxiliary function

Jx) = {3x, —p) + %) + 20, = p) — X

then we obtain f(p,, 0) = 0, 4f > 0 and Bf > 0. Hence, by Lemma 6 and Theorem
1, there is a sequence {¢, };—, of positive numbers such that ¢, — 0 as n — o0 and

n=1
u=u(p) on{x € M:x,=p, +¢,)}

forn=1,2,.... Iteration of this argument gives the desired result.
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